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1. Introduction
The problem of characterizing integral graphs was posed by Harary and Schwenk in 1973 [1]. Since
there is no general characterization of these graphs, this problem has been treated for some special
classes of graphs. Some excellent surveys on the subject are [2,3]. The study of graphs with (k, τ)-
regular sets emerged in [4,5] related with strongly regular graphs and designs and later, in the study
of graphs with domination constraints [6,7]. Recent applications of (k, τ)-regular sets may be found
in [8–10].
The problem of characterizing integral graphs with (k, τ)-regular sets corresponding to all distinct
eigenvalues was posed by Cardoso in 2006 [11]. These graphs are necessarily integral and regular
graphs.
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In this paper we consider simple regular graphs. A graph G has vertex set V(G) and edge set E(G).
An element of E(G)with endvertices i and j, is denoted by ij. The neighborhood of a vertex v ∈ V(G) is
deﬁned asN(v) = {w : vw ∈ E(G)} and for each vertex v ∈ V(G), |N(v)| is its degree. A graphG is said
tobep-regular if |N(v)| = p, for all v ∈ V(G). Given S ⊆ V(G), the characteristic vector of S is thevector
x ∈ R|V(G)| with xv = 1 if v ∈ S and xv = 0 if v /∈ S. The adjacencymatrix ofG of ordern (|V(G)| = n) is
the n × nmatrix A = (aij), with aij = 1 if ij ∈ E(G) and aij = 0 otherwise. Since A is a real symmetric
matrix, A has n real eigenvalues and the multiplicity of an eigenvalue λ, that is, the multiplicity of
λ as a zero of the characteristic polynomial of A, is equal to the dimension of the eigenspace asso-
ciated with λ. The spectrum of G will be represented as σ(G) = {[λ1]m1 , [λ2]m2 , . . . , [λt]mt }, where
λ1  λ2  · · · λt are thedistinct eigenvalues ofA andm1, . . . ,mt are the correspondingmultiplicities.
If G is connected then mt = 1, and if G is p-regular then λt = p. An integral graph is a graph whose
spectrum consists entirely of integer values. The line graph of G, denoted by L(G), has vertex set E(G)
and two vertices are adjacent whenever the respective edges in G share a common vertex. A strongly
regular graph with parameters (n, p, a, c) is a p-regular graph of order n (0 < p < n − 1) such that
each pair of adjacent vertices has a common neighbors and each pair of nonadjacent vertices has c
common neighbors. It is well known (see, for instance, [12]) that a connected strongly regular graph
has diameter 2 and three distinct eigenvalues. Throughout the text j will denote the all-one vector, I
denotes the identity matrix and J the square all-one matrix. All other terminology and notations can
be found in [12].
This paper is organized as follows. Basic deﬁnitions and properties are given in Section 2. Section
3 deals with graphs with (k, τ)-regular sets for all distinct eigenvalues. In Section 4 we provide some
results on the existence and characterization of (k, τ)-regular sets for circulant graphs with symbol
that fulﬁlls some requirements.
2. Basic deﬁnitions and properties
A non-empty subset W ⊆ V(G) of a graph G is a (k, τ)-regular set of G if W induces a k-regular
subgraph of G and every vertex not in the subset has τ neighbors in it [13]. It is clear that, if G is a p-
regular graph thenV(G) is a (p, τ)-regular set ofG for every τ ∈ N0; for convenience,we considerV(G)
a (p, 0)-regular set of G thus, from now on, we only consider the restricted eigenvalues (σ (G) \ {p})
of G. Also note that ifW is a (k, τ)-regular set of G, then V(G) \ W is a (p − τ , p − k)-regular set of G
andW is a (|W| − k − 1, |W| − τ)-regular set of the complement of G.
An eigenvalue of a graph G is said to be a main eigenvalue if its eigenspace is not orthogonal to the
all-one vector j; otherwise, it is called non-main. It is known [12] that G is p-regular if and only if p is
the only main eigenvalue of G.
Proposition 2.1 [14]. If a graph G has a (k, τ)-regular set (τ > 0) and k − τ is an eigenvalue of G then
k − τ is a non-main eigenvalue of G.
As a straightaway consequence of Proposition 2.1, an integral graph with (k, τ)-regular sets corre-
sponding to all distinct eigenvalues is a regular graph.
Proposition 2.2 [4,5]. Let G be a p-regular graph of order n. Then ∅ = W ⊂ V(G), with characteristic
vector x, is a (k, τ)-regular set of G if and only if k − τ is an eigenvalue of G with corresponding eigenvector
(p − k + τ)x − τ j. Moreover, |W| = nτ
p−k+τ and if Wi is a (ki, τi)-regular set of G, i = 1, 2, with k1 −
τ1 /= k2 − τ2 then |W1 ∩ W2| = nτ1τ2(p−k1+τ1)(p−k2+τ2) .
Corollary 2.3. Let G be a p-regular graph of order n.
1. If p − 1 ∈ σ(G) then G has no (τ + p − 1, τ)-regular set.
2. If G is connected, λ ∈ σ(G) \ {p} and gcd(n, p − λ) = 1 then G has no (τ + λ, τ)-regular set.
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Proof. Part (1) is a direct consequence of Proposition 2.2 and outcomes from the fact that none of
the pairs of parameters (p − 1, 0) and (p, 1) can occur in a p-regular graph. Part (2) follows from
p − k + τ ≥ τ , with equality only if (k, τ) = (p, 0). 
As another consequence of Proposition 2.2 we obtain a lower bound on the multiplicity of an
eigenvalue associated with (k, τ)-regular sets.
Proposition 2.4. Let G be a connected p-regular graph and Wi ⊂ V(G) be a (ki, τi)-regular set of G such
that ki − τi = λ,Wi \
(⋃i−1
t=1 Wt
)
= ∅, for i = 1, . . . , r, and⋃rt=1 Wt = V(G). Then λ is an eigenvalue
of G with multiplicity at least r.
Proof. For i = 1, . . . , r, let xi be the characteristic vector ofWi. FromProposition 2.2, (p − ki + τi)xi −
τij is an eigenvector (corresponding toWi) associated with λ = ki − τi. Consider the following linear
combination,
r∑
i=1
αi(p − ki + τi)xi −
r∑
i=1
αiτij = 0. (1)
As, by hypothesis, there is u ∈ V(G) \ (⋃ri=1 Wi), we have from the uth line of (1),∑ri=1 αiτi = 0 and
(1) becomes
r∑
i=1
αi(p − ki + τi)xi = 0. (2)
Now, takingur ∈ Wr \
(⋃r−1
i=1 Wi
)
then, from theurth line of (2), comesαr(p − kr + τr) = 0 and since
p = kr − τr = λ (otherwiseWr = V(G)), we have αr = 0 and (2) turns in
r−1∑
i=1
αi(p − ki + τi)xi = 0.
Following this procedure we get αr = αr−1 = · · · = α2 = 0 and α1(p − k1 + τ1)x1 = 0, that leads
to α1 = 0. Hence, the eigenspace of λ has dimension at least r. 
3. Graphs with (k, τ)-regular sets for all distinct eigenvalues
There are some well known classes of connected integral graphs with (k, τ)-regular sets for all
distinct eigenvalues. The complete graph Kn (n 2) has σ(Kn) = {[−1]n−1, [n − 1]1} and each vertex
induces a (0, 1)-regular set. The complete multipartite graph Kr×p (n = rp, r, p 2), that is, the com-
plement of rKp, has spectrum {[−p]r−1, [0]n−r , [n − p]1}. Considering the r-partition of V(Kr×p) in
independent sets of cardinality p, each independent set is a (0, p)-regular set; on the other hand, if we
consider exactly one vertex in each independent set we get a (r − 1, r − 1)-regular set. The cocktail
party graphs, Kn×2, are particular cases of this. Observe that, in Proposition 2.4, the lower bound is
attained for the restricted eigenvalues of the graphs Kn and Kr×p.
In [15], Bussemaker andCvetkovic´ stated that there areonly thirteenexamples of connected integral
cubic graphs. Since eight of them have 2 as eigenvalue, the only potential connected integral cubic
graphs with (k, τ)-regular sets corresponding to all distinct eigenvalues (see Corollary 2.3) are K3,3,
Q3, K4, K3 + K2 and the Petersen graph. Throughout this section we shall prove that K3,3, Q3, K4 and
the Petersen graph are the only connected integral cubic graphs with this property.
Although several unary and binary operations on integral graphs generate integral graphs, some of
these operations do not generate integral graphs with (k, τ)-regular sets for all distinct eigenvalues
from integral graphs with the same property. However, it is clear that the complement of an integral
graph with (k, τ)-regular sets for all distinct eigenvalues, do satisﬁes it (see Section 2).
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If G1 and G2 are disjoint regular graphs and W1 and W2 are (k, τ)-regular sets (with the same
parameter values k and τ ) ofG1 andG2, respectively, with k − τ = λ, thenW1 ∪ W2 is a (k, τ)-regular
set of the union graph G1 ∪ G2 = (V(G1) ∪ V(G2), E(G1) ∪ E(G2)). In particular, if G1 and G2 are
cospectral integral regular graphs with (k, τ)-regular sets corresponding to all its distinct eigenvalues,
then G1 ∪ G2 has this property as well.
In general, the line graph of an integral graph with (k, τ)-regular sets for all distinct eigenvalues
do not satisfy the same property. However for certain classes of graphs that is true. The triangular
graph T(n) is the line graph of the complete graph Kn (n 2). Its spectrum is {[−2](n2−3n)/2, [n −
4]n−1, [2n − 4]1}. The set of vertices of T(n) corresponding to the edges incident in one vertex of
Kn is a (n − 2, 2)-regular set of T(n) and the set of vertices of T(n) associated with the edges of an
hamiltonian cycle of Kn is a (2, 4)-regular set of T(n). The line graph of the complete bipartite graph
Kn,n (n 2), known as lattice graph, has spectrum {[−2]n2−2n+1, [n − 2]2n−2, [2n − 2]1}. The set of
vertices of L(Kn,n) corresponding to the edges of a perfect matching of Kn,n is a (0, 2)-regular set of
L(Kn,n) and the set of vertices of L(Kn,n) corresponding to the edges of Kn,n incident in one vertex is a
(n − 1, 1)-regular set of L(Kn,n).
Given two graphsG andH the sumG + H, that is the graphwith vertex set V(G) × V(H)where two
vertices are adjacent if they agree in one coordinate and are adjacent in the other [12], has eigenvalues
λi + μj (1 i n, 1 jm), with λi and μj being the eigenvalues of G and H, respectively. The graph
G + K2 can be decomposed in two copies,G′ andG′′, ofGwith edges joining the corresponding vertices
of G′ and G′′. If λ1  · · · λt = p are the distinct eigenvalues of G then λi ± 1, i = 1, . . . , t, are the
eigenvalues of G + K2. If W is a (k, τ)-regular set of G, the set W ′ ∪ W ′′ is a (k + 1, τ)-regular set
of G + K2 where W ′ and W ′′ are the corresponding (k, τ)-regular sets of G′ and G′′. Hence, if G is an
integral p-regular graph with (k, τ)-regular sets corresponding to all distinct eigenvalues, G + K2 has
regular sets associated with its distinct eigenvalues λi + 1, i = 1, . . . , t. In addition, the vertex set
V(G′) (and also V(G′′)) is a (p, 1)-regular set of G + K2 associated with its eigenvalue λt − 1.
An example of such a graph is the hypercube graph, Qn. The vertices of Qn are the binary sequences
of length n, two vertices being adjacent if they agree in all but one position. Qn can be recursively
deﬁned as follows: Q1 = K2 and Qn+1 = Qn + K2, n ∈ N. It is known [16] that the hypercube graph
Qn is a n-regular bipartite graph with spectrum {[λi]mi : λi = 2i − n, mi =
(
n
i
)
, i = 0, 1, . . . , n}.
Proposition 3.1. For n ∈ N and i = 0, 1, . . . , n − 1, 2n−i−1Qi is an induced subgraph of the hypercube
graph Qn, and V(2
n−i−1Qi) ⊂ V(G) is a (i, n − i)-regular set of Qn.
Proof. This can be proved by induction on n ∈ N. Let 2n−i−1Qi be an induced subgraph of Qn isomor-
phic to the subgraph induced by V(Qn) \ V(2n−i−1Qi)whose set of vertices induces a (i, n − i)-regular
set of Qn. Q1 trivially satisﬁes the stated condition.
From above, we know that Qn+1 can be constructed from two copies of Qn (Q ′n and Q ′′n) inserting
an edge between vertices corresponding to the same binary sequence. For i = 0, 1, . . . , n − 1, let
W ′i ⊂ V(Q ′n) andWi′′ ⊂ V(Q ′′n) be the vertex sets of two subgraphs 2n−i−1Qi of Qn+1 (corresponding
to the same binary sequences on Q ′n and Qn′′). Then Wi′′ = V(Q ′′n) \ Wi′′ is a (i, n − i)-regular set of
Qn
′′ and there are no edges of Qn+1 incident in a vertex of W ′i and a vertex of Wi′′. Hence W ′i ∪ Wi′′
induces an i-regular subgraph of Qn+1. For each v ∈ V(Q ′n) \ W ′i , v has n − i neighbors inW ′i and one
neighbor inWi
′′; similarly, we conclude that for v ∈ V(Qn′′) \ Wi′′, v has n + 1 − i neighbors inW ′i ∪
Wi
′′. Therefore, for i = 0, 1, . . . , n − 1,W ′i ∪ Wi′′ = V(2(2n−i−1Qi)) = V(2n+1−i−1Qi) is a (i, n + 1 −
i)-regular set of Qn+1. Finally, the vertex set of Q ′n (and also Qn′′) is a (n, 1)-regular set of Qn+1. 
Note that if a p-regular graph G of order n has (ki, p − ki)-regular sets Wi corresponding to all
distinct eigenvalues λi, (i = 1, . . . , t) then, from Proposition 2.2, for all i, |Wi| = n2 and λi = 2ki − p
(i = 1, . . . , t), that is, ki = p+λi2 and τi = p−λi2 (thus all the eigenvalues of G have the same parity).
Again from Proposition 2.2, |Wi ∩ Wj| = nτiτj(p−ki+τi)(p−kj+τj) = n4 for i /= j.
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The graph Kn + K2 is the complement of the n-crown graph. In the following, wewill prove that the
n-crown graphs (and in consonance with the previous arguments, Kn + K2) have (k, τ)-regular sets
for all distinct eigenvalues if and only if n is even.
For n 3, the n-crown graph is the bipartite graph with vertex set X ∪ Y , with X = {x1, x2, . . . , xn}
and Y = {y1, y2, . . . , yn}, and edge set {(xi, yj) : 1 i, j n, i = j}. If G is the n-crown graph, its spec-
trum is {[1 − n]1, [−1]n−1, [1]n−1, [n − 1]1} (see, for instance, [12]). The set {x1, . . . , xn} (and also the
set {y1, . . . , yn}) is a (0, n − 1)-regular set of G and, for 1 i1 < · · · < ik < n (1 |{i1, . . . , ik}| n −
1), the set {xi1 , . . . , xik , yi1 , . . . , yik} is a (k − 1, k)-regular set of G. Hence, since this graph is a (n −
1)-regular graph, we conclude that the n-crown graph has (k, τ)-regular sets corresponding to the
eigenvalues 1 − n,−1, and n − 1.
Proposition 3.2. The n-crown graph has a (k, τ)-regular set with k − τ = 1 if and only if n is even.
Proof. Let G be a n-crown graph. If n is even and {i1, . . . , ik} ⊂ {1, . . . , n}, with |{i1, . . . , ik}| = n2 then
W = {xi1 , . . . , xik} ∪
(
Y \ {yi1 , . . . , yik}
)
is a
(
n
2
, n
2
− 1
)
-regular set corresponding to the eigenvalue
1. Now consider n odd.
The adjacencymatrix of G is A =
[
0 J − I
J − I 0
]
. If G has a (k, τ)-regular setW with k − τ = 1 then
from Ax¯ = (k − τ)x¯ + τ jwe have
Ax¯ = x¯ + τ j, (3)
where x¯ is the characteristic vector of W . If x¯ =
[
x
y
]
, with x and y being the characteristic vectors of
W ∩ X andW ∩ Y , respectively, then
Ax¯ =
[
0 J − I
J − I 0
] [
x
y
]
=
[
Jy − y
Jx − x
]
=
[
(jy)j − y
(jx)j − x
]
and (3) becomes[
(jy)j − y
(jx)j − x
]
=
[
x + τ j
y + τ j
]
⇔
{
(jy)j − τ j = x + y,
(jx)j − τ j = x + y
or equivalently, (jy − τ)j = (jx − τ)j = x + y. Consequently, jx = jy and (since x, y ∈ {0, 1}n)
|W ∩ X| = |W ∩ Y |.
Let 0 < k = |W ∩ X| < n, W ∩ X = {xi1 , . . . , xik} and W ∩ Y = {yj1 , . . . , yjk}. If there exist 1 ir ,
iq  n such that xir , yir , xiq ∈ W and yiq ∈ W thenW is not a (k, τ)-regular set because
|N(xir ) ∩ W| = |N(yir ) ∩ W| = k − 1 and |N(xiq) ∩ W| = k,
that is, the subgraph of G induced byW is not regular. Since (as we mention above)W = {xi1 , . . . , xik ,
yi1 , . . . , yik} is a (k − 1, k)-regular set, then {i1, . . . , ik} ∩ {j1, . . . , jk} = ∅ concluding that k n2 .
Let us prove that {i1, . . . , ik} ∪ {j1, . . . , jk} = {1, . . . , n}. If there exists u ∈ {1, . . . , n} \ {i1, . . . , ik ,
j1, . . . , jk} then yu ∈ W and |N(yu) ∩ W| = k, but for s ∈ {i1, . . . , ik}, ys ∈ W and |N(ys) ∩ W| = k −
1 which is a contradiction with W being a (k, τ)-regular set. Therefore, {i1, . . . , ik} ∪ {j1, . . . , jk} ={1, . . . , n} and k = n
2
which is a contradiction with n being odd. 
Given two disjoint graphs G and H the strong product G ⊗ H has vertex set V(G) × V(H) where
two distinct vertices are connected if they are adjacent or equal in each coordinate. The strong product
G ⊗ H [12]haseigenvaluesλiμj + λi + μj (1 i n, 1 jm),withλi andμj being theeigenvaluesof
G andH, respectively. The graphG ⊗ K2 can be decomposed in two copies,G′ andG′′, ofGwith vertices
(v′, u′′) ∈ V(G′) × V(G′′) (associatedwithverticesv anduofG) joinedbyanedge ifv = uorvu ∈ E(G).
The spectrum is σ(G ⊗ K2) = {2λ + 1, λ ∈ σ(G)} ∪ {−1}. If W ⊂ V(G) is a (k, τ)-regular set of G
with k − τ = λ, then considering the corresponding set of vertices, W ′ ⊂ V(G′) and W ′′ ⊂ V(G′′)
then W ′ ∪ W ′′ is a (2k + 1, 2τ)-regular set of G ⊗ K2 associated with its eigenvalue 2λ + 1. Also
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V(G′) (and either V(G′′)) is a (p, p + 1)-regular set ofG ⊗ K2 associatedwith its eigenvalue−1. Hence
if G is an integral regular graph with (k, τ)-regular sets corresponding to all distinct eigenvalues so it
is G ⊗ K2.
Given two disjoint graphs G and H the complete product G∇H is the graph obtained from G ∪ H
by joining every vertex of G with every vertex of H. If G is p-regular of order n with spectrum
{[λ1]m1 , . . . , [λt−1]mt−1 , [p]mt } then the complete product G∇G has spectrum {[λ1]2m1 , . . . ,[λt−1]2mt−1 , [p]2mt−2, [p − n]1, [p + n]1} [12]. If W ⊂ V(G) is a (k, τ)-regular set of G and W ′ and
W ′′ are the corresponding sets of vertices of the two copies of G in the graph G∇G, then W ′ ∪ W ′′ is
a (|W| + k, |W| + τ)-regular set of G∇G. In addition, V(G) is a (p, n)-regular set of G∇G. Thus if G is
an integral regular graph with (k, τ)-regular sets associated with all its distinct eigenvalues, the graph
G∇G also has these properties.
Triangle free strongly regular graphs are strongly regular graphs with parameters (n, p, 0, c). Other
than the complete bipartite graphs, there are exactly seven known connected triangle-free strongly
regular graphs. Using combinatorial arguments we can list (k, τ)-regular sets for the restricted eigen-
values of each connected triangle free strongly regular graph (except for C5). A complete description
of these graphs is maintained by Andries Brouwer (http://www.win.tue.nl/∼aeb/graphs).
1. The Petersen graph is a (10, 3, 0, 1)-strongly regular graph with spectrum {[−2]4, [1]5, [3]1}. It
splits into twoC5 and thevertices of eachC5 induce a (2, 1)-regular set. Amaximumindependent
set has four vertices and is a (0, 2)- regular set.
2. TheClebsch graph is a (16, 5, 0, 2)-strongly regular graphwith spectrum {[−3]5, [1]10, [5]1}. The
set of vertices of an induced C4 is a (2,2)-regular set. The Clebsch graph has a perfect matching
8K2 and the vertex set of each 4K2 is a (1, 4)-regular set.
3. The Hoffman–Singleton graph is a (50, 7, 0, 1)-strongly regular graph with spectrum {[−3]21,
[2]28, [7]1}. It splits into ﬁve Petersen graphs and the vertex set of each Petersen subgraph is a
(3, 1)-regular set. A maximum independent set has ﬁfteen vertices and is a (0, 3)-regular set.
4. TheGewirtz graph is a (56, 10, 0, 2)-strongly regular graphwith spectrum {[−4]20, [2]35, [10]1}.
In [17], Brouwer andHaemersdescribe the (k, τ)-regular sets of theGewirtz graph. TheHeawood
graph is a subgraph of the Gewirtz graph and its vertex set is a (4, 2)-regular set. The Gewirtz
graph splits into two Coxeter graphs. The vertex set of each Coxeter subgraph is a (3, 7)-regular
set.
5. TheM22 graph is a (77, 16, 0, 4)-strongly regular graphwith spectrum {[−6]21, [2]55, [16]1}. The
vertex set of the incidence graph of a 2 − (11, 6, 3) design is a (6, 4)-regular set. The M22 splits
into a Gewirtz graph and an independent set of cardinality twenty one; the vertex set of the
Gewirtz graph is a (10, 16)-regular set (and the independent set is a (0, 6)-regular set).
6. TheHigman–SimsGraph is a (100, 22, 0, 6)-strongly regular graphwith spectrum {[−8]22, [2]77,
[22]1}. It splits into twoHoffman-Singleton graphs and the vertex set of eachHoffman-Singleton
subgraph is a (7, 15)-regular set. Since eachHoffman-Singleton subgraph splits intoﬁvePetersen
graphs, the union of the vertex sets of two Petersen graphs (one from each Hoffman-Singleton)
is a (6, 4)-regular set.
4. Circulant graphs
Let Zn be the cyclic group of integers modulo n and S a subset of Zn not containing the zero of
Zn. A circulant graph G is a graph with vertex set Zn and ij ∈ E(G) if i − j ∈ S , where all arithmetic
is done modulo n. A circulant graph can also be deﬁned as a graph whose adjacency matrix A = [aij]
is a circulant matrix. The set S = {k : a0,k = 1} ⊂ {1, 2, . . . , n − 1} is called a symbol of G. Note
that the symbol is the set of neighbors of the vertex 0. Since A is a symmetric matrix, s ∈ S if and
only if n − s ∈ S . Indeed, any subset of {1, 2, . . . , n − 1} with this property is a symbol of a circulant
graph. We shall denote a circulant graph G of order n and symbol S by G = Ci(n, S(G)), where S(G) =
S ∩ {1, 2, . . . ,  n
2
} deﬁnes all the adjacencies between vertices ofG. A circulant graphG = Ci(n, S(G))
is a regular graph with degree of regularity 2|S(G)| if n
2
∈ S(G), or 2|S(G)| − 1 if n
2
∈ S(G). Moreover,
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if S(G) = {s1, s2, . . . , st} then G is connected if and only if gcd{n, s1, s2, . . . , st} = 1 ([18]). Circulant
integral graphs are totally characterized in [19]:
Proposition 4.1. Let G be a circulant graph with symbol S then G is integral if and only if∑k∈S xk ∈ Z
for xn = 1.
For some particular cases it is possible to characterize the existence of certain (k, τ)-regular sets for
circulant graphs, basedon the symbol, and consequently, to derive knowledge about the corresponding
eigenvalues.
Proposition 4.2. Let G be a circulant graph Ci(n, S(G)).
1. If n is even and t is the number of even elements of S(G) then W = {0, 2, 4, . . . , n − 2} is a (k, τ)-
regular set with
(a) k = 2t and τ = 2|S(G)| − 2t if n
2
∈ S(G);
(b) k = 2t − 1 and τ = 2|S(G)| − 2t if n
2
∈ S(G) and n
2
is even;
(c) k = 2t and τ = 2|S(G)| − 2t − 1 if n
2
∈ S(G) and n
2
is odd.
2. If n is a multiple of 3 and t is the number of elements of S(G) that are multiples of 3 then W =
{0, 3, . . . , n − 3} is a (k, τ)-regular set with τ = |S(G)| − t and k = 2t if n
2
∈ S(G), or k = 2t − 1
if n
2
∈ S(G).
Proof. Note that if s = n
2
∈ S(G) then, for all v ∈ V(G), v + s = v + (n − s).
1. This is a straightforward consequence of the fact that the sumof two non-negative integerswith
the same parity is an even number.
2. If v ∈ W , then
|N(v) ∩ W| =
{
2t, if n
2
∈ S(G)
2t − 1, otherwise
Let v ∈ V(G) \ W . If s ∈ S(G) and s is amultiple of 3, then v ± s ∈ W . If s ∈ S(G) is not amultiple
of 3 then v = 3z + 1 or v = 3z + 2 (z ∈ N), and s = 3m + 1 or s = 3m + 2 (m ∈ N). In any
case, |{v − s, v + s} ∩ W| = 1. Thus, if v ∈ W , the number of neighbors that v has inW is equal
to the number of elements of S(G) that are not multiple of 3. 
Let G = Ci(n, S(G)), t2 be the number of even elements of S(G) and t3 the number of elements of
S(G) that are a multiple of 3. From Propositions 2.2 and 4.2, we have
• if n is even then 4t2 − 2|S(G)| ∈ σ(G), if n2 ∈ S(G), otherwise, 4t2 − 2|S(G)| − 1 ∈ σ(G), if n2
is even and 4t2 − 2|S(G)| + 1 ∈ σ(G), if n2 is odd;• if n is a multiple of 3 then 3t3 − |S(G)| ∈ σ(G), if n2 /∈ S(G) and 3t3 − |S(G)| − 1 ∈ σ(G),
otherwise.
Proposition 4.3. Let n be an even number, G = Ci(n, S(G)) a circulant graph and t = |S(G)|. Then W =
{0, 1, . . . , n
2
− 1} is a (k, τ)-regular set of G if and only if s ∈ S(G) whenever n
2
− s ∈ S(G). Moreover,
τ = t = k if n
2
∈ S(G), and τ = t = k + 1, if n
2
∈ S(G).
Proof. Note that n
2
∈ S(G) does not contributewith adjacencies between vertices ofW since the edges
induced by it are incident in one vertex of W and one vertex of V(G) \ W . Let s ∈ S(G). If 1 s < n
4
,
then
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|{v + s, v + n − s} ∩ W| =
{
1 if 0 v < s ∨ n
2
− s v < n
2
2 if s v < n
2
− s
If n
4
< s < n
2
, then
|{v + s, v + n − s} ∩ W| =
{
1 if 0 v < n
2
− s ∨ s v < n
2
0 if n
2
− s v < s
If s = n
4
∈ S(G) (s = n
2
− s), then for 0 v n
4
− 1, v + s ∈ W but v − s ∈ W , and for n
4
 v n
2
− 1,
v + s ∈ W and v − s ∈ W . Hence the presence of n
4
in S(G) contributes with one to the degrees of the
vertices ofW .
From the above considerations we conclude thatW induces a k-regular subgraph of G if and only if
s ∈ S(G)whenever n
2
− s ∈ S(G), and that k = t − 1 if n
2
∈ S(G), or k = t if n
2
∈ S(G). Ifn is even, from
the deﬁnition of circulant graph, the subgraph induced by V(G) \ W is isomorphic to the subgraph
induced byW and for v ∈ V(G) \ W , τ = |N(v) ∩ W| = 2|S(G)| − t = t. 
As a straightforward consequence of Proposition 2.2 and Proposition 4.3, if G = Ci(n, S(G)), n is
even and s ∈ S(G) whenever n
2
− s ∈ S(G) then 0 ∈ σ(G), if n
2
∈ S(G) and −1 ∈ σ(G), if n
2
∈ S(G).
Proposition 4.4. Let G = Ci(n, S(G)) with S(G) = {1, . . . ,  n
2
} \ {s1, . . . , st}, gcd{s1, . . . , st} = d > 1
and n is a multiple of d. Then W = {0, d, 2d, . . . , n − d} is a (k, τ)-regular set with τ = n
d
and k =
n
d
− 2t + 1 if n
2
∈ S(G), or k = n
d
− 2t if n
2
∈ S(G).
Proof. Note that |W| = n
d
. If v ∈ W and s ∈ {s1, . . . , st} then v is not adjacent to v ± s ∈ W . Hence,
W induces a k-regular subgraph of G with
k =
{ n
d
− 2t + 1, if n
2
∈ S(G)
n
2
− 2t, if n
2
∈ S(G) (4)
If v ∈ W and s ∈ {s1, . . . , st} then v is not adjacent to v ± s ∈ W but v is adjacent to every vertex of
W . So we conclude thatW is a
(
k, n
d
)
-regular set of G with k given by (4). 
Under the assumptions of Proposition 4.4, from Proposition 2.2 we immediately conclude that
−2t ∈ σ(G), if n
2
∈ S(G), and 1 − 2t ∈ σ(G), if n
2
∈ S(G).
Proposition 4.5. Let n be an even positive number, s ∈ {2, . . . , n
2
− 1} and G = Ci(n, S(G)) a circulant
graph with S(G) = {1, 2, . . . , n
2
} \ {s, n
2
− s}. Then W = {0, 1, . . . , s − 1, n
2
, n
2
+ 1, . . . , n
2
+ s − 1} is a
(k, τ)-regular set if and only if n = 4s or n = 6s; moreover, k = 2s − 1 and τ = k − 1.
Proof. The setW ⊂ V(G) induces a clique with 2s vertices; hence k = 2s − 1.
Foreachvertexv ∈ V(G) \ W thenon-neighborsofvarev + s,v − s,v −
(
n
2
− s
)
, andv +
(
n
2
− s
)
,
and v has a non-neighbor in W if and only if 0 v − s < s or n
2
 v + s < n
2
+ s, that is, s v <
2s or n
2
− s v < n
2
. This is true if andonly if n
2
− s = 2s or n
2
− s = s, which impliesn = 6s or n = 4s.
Case n = 6s: if s v < n
2
− s only v − s and v +
(
n
2
− s
)
are inW and if n
2
− s v < n
2
only v + s
and v −
(
n
2
− s
)
are inW .
Case n = 4s: in this case, only v + s and v − s are not adjacent to v. For every s v < n
2
, we have
0 v − s < n
2
− s = n
4
= s and n
2
 v + s < n
2
+ s, being both of them inW .
From the above, we conclude that for all v ∈ V(G) \ W ,
τ = |N(v) ∩ W| = |W| − 2 = 2s − 2. 
In analogy with the previous observations, under the assumptions of Proposition 4.5, 1 ∈ σ(G).
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